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Aderivative-free, delayedweight update law is developed formodel reference adaptive control of continuous-time

uncertain systems, without assuming the existence of constant ideal weights. Using a Lyapunov–Krasovskii

functional it is proven that the error dynamics are uniformly ultimately bounded, without the need for modification

terms in the adaptive law. Estimates for the ultimate bound and the exponential rate of convergence to the ultimate

bound are provided. Also discussed are employing various modification terms for further improving performance

and robustness of the adaptively controlled system. Examples illustrate that the proposed derivative-free model

reference adaptive control law is advantageous for applications to systems that can undergo a sudden change in

dynamics.

I. Introduction

D IRECT model reference adaptive controllers require less
modeling information than robust controllers and can address

system uncertainties and system failures. These controllers directly
adapt controller parameters in response to system variations for the
purpose of canceling the effect of modeling uncertainty, without
necessarily estimating the parameters of the unknown system. This
property distinguishes them from adaptive controllers that employ an
estimation algorithm to estimate the unknown system parameters and
employ a controller that depends on the estimated parameters. This
paper develops an adaptive control law that is particularly well suited
for direct adaptive control in the presence of sudden or rapid time-
varying changes in uncertain system dynamics.

In the past decades, numerous model reference adaptive control
(MRAC) approaches have been proposed that deal with multi-
variable uncertain systems in continuous-time (see [1–10] and refer-
ences therein). These approaches are derived based on Lyapunov
theory and either assume or derive aweight update law in the form of
an ordinary differential equation for the weight estimates. All these
methods have in common the underlying assumption that there exists
constant, but unknown, ideal set of weights. Although this assump-
tion seems reasonable and these MRAC architectures work well on
many systems, in some failure modes they may require the use of
unrealistically high adaptation gain, ormay fail to achieve the desired
level of performance in terms of failure recovery. MRAC laws that
require high gain can excite unmodeled dynamics, typically exhibit
an excessive amount of control activity [11,12], amplify the effect of
sensor noise, and are not sufficiently robust to time delay [13].

In this paper, we develop a derivative-free model reference
adaptive control (DF-MRAC) law, which uses the information of
delayedweight estimates and the information of current system states
and errors. The proposed method is an extension of the iterative
learning approach adopted in [14] for purposes of adaptive observer
design. We relax the assumption of constant unknown ideal weights
to the existence of time-varying weights, such that fast and possibly
discontinuous variation in weights are allowed. The proposed

derivative-free adaptive control law is advantageous for applications
to systems that can undergo a sudden change in dynamics, such as
might be due to reconfiguration, deployment of a payload, docking,
or structural damage.We prove that the error dynamics are uniformly
ultimately bounded using a Lyapunov–Krasovskii functional, with-
out employing modification terms in the adaptive law. We consider
constant unknown ideal weights as a special case and show that the
state tracking error dynamics are asymptotically stable. Finally, we
discuss employing various modification terms for further improving
the performance and robustness of the adaptively controlled system.

DF-MRAC differs from MRAC in that it does not make use of
integration in its weight update law. In fact, DF-MRAC challenges
the conventional wisdom of expecting an adaptive law to cancel the
effect of matched constant disturbances and uncertainties, since one
does not need adaptation to correct for biases. Biases can more
reliably be handled using a nonadaptive controller with integral
action. This ensures that errors in the regulated output variables go to
zero for constant disturbances and constant model errors even if they
are unmatched, so long as the closed loop system remains stable.
Therefore, since many existing guidance and flight controllers do
employ integral action, and if the goal is to augment an existing
controller, then it is desirable that the weight update law not have the
effect of integral action. Otherwise a conflict may arise that results in
a slowly varying tracking error. In these circumstances, the role of
adaptation should be confined to things like maintaining stability,
error transient performance, fast upset recovery in the event there is a
destabilizing failure, and preserving to the extent possible the time-
delay margins of the nominal design. DF-MRAC is particularly well
suited for these circumstances.

The notation used in this paper is fairly standard. Rn denotes the
set of n � 1 real column vectors, Rn�m denotes the set of n �m real
matrices, ���T denotes transpose, and ����1 denotes inverse. Further-
more, we write �min�M� [respectively, �max�M�] for the minimum
(respectively, maximum) eigenvalue of M, j � j for the Euclidian
vector norm, k � k for the Frobenius matrix norm, vec��� for the
column stacking operator, Rf�g for the range space of a matrix,
diag�A;B� for a block diagonal matrix formed with matrices A and B
on the diagonal, and �a; b� for the open interval inR from a to b > a.

The organization of the paper is as follows. Section II provides
preliminaries related to standardMRAC. Section III presents theDF-
MRAC law and its stability properties for the case of systems with
matched uncertainty and known control effectiveness. Section IV
discusses how to employ various modifications to the DF-MRAC
law. Section V presents extensions to a class of systems in which
there is uncertainty in the control effectiveness. Section VI treats a
first-order example to illustrate the advantages of the proposed
approach in a simplified setting, and Sec. VII presents a detailed
application to aircraft flight control using the generic transport model
(GTM), a high-fidelity scaled transport aircraft model developed at
NASA Langley Research Center [15] that models the effects of
airframe damage, actuator failures, and time delay. The GTMmodel
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is representative of the NASA Airborne Subscale Trasport Aircraft
Research (AirSTAR)flight-test vehicle [16,17]. DF-MRAChas been
flight-tested onAirSTAR, and the results are reported in [18]. Finally,
Sec. VIII summarizes the conclusions.

II. Preliminaries

In this section we state standard results for the MRAC problem.
Consider the uncertain system given by

_x�t� � Ax�t� 	 B�u�t� 	��x�t��� (1)

where x�t� 2 Rn is the state vector, u�t� 2 Rm is the control input,
A 2 Rn�n and B 2 Rn�m are known matrices, and�: Rn ! Rm is a
matched uncertainty. Furthermore, we assume that the pair �A;B� is
controllable, x�t� is available for feedback, and u�t� is restricted to
the class of admissible controls consisting of measurable functions.

The reference model is given by

_x m�t� � Amxm�t� 	 Bmr�t� (2)

where xm�t� 2 Rn is the reference statevector, r�t� 2 Rr is a bounded
piecewise continuous reference input, Am 2 Rn�n is Hurwitz, and
Bm 2 Rn�r with r 
 m. Since r�t� is bounded, it follows that xm is
uniformly bounded for all xm�0�.

Assumption 1. The matched uncertainty in Eq. (1) can be linearly
parameterized as

��x� �WT��x� 	 "�x�; j"�x�j 
 "�; x 2 Dx (3)

whereW 2 Rs�m is the unknown constant weight matrix, �: Rn !
Rs is a known vector of basis functions of the form ��x��
��1�x�; �2�x�; . . . ; �s�x��T 2 Rs, ": Rn ! Rm is the residual error,
and Dx is a sufficiently large compact set Dx 2 Rn.

Consider the following feedback control law:

u�t� � un�t� � uad�t� (4)

where un�t� is a nominal feedback control given by

un�t� � K1x�t� 	 K2r�t� (5)

whereK1 2 Rm�n andK2 2 Rm�r are nominal control gains such that
A	 BK1 is Hurwitz, and uad�t� is the adaptive feedback control
component given by

uad�t� � ŴT�t���x�t�� (6)

where Ŵ�t� 2 Rs�m is an estimate ofW satisfying the weight update
law:

_̂
W�t� � ����x�t��eT�t�PB	 _̂

Wm�t��; � > 0 (7)

where

e�t� � x�t� � xm�t� (8)

is the state tracking error,P 2 Rn�n is the positive-definite solution of
the Lyapunov equation

0� ATmP	 PAm 	Q (9)

for anyQ�QT > 0, and
_̂
Wm�t� 2 Rs�m is a modification term, e.g.,

_̂
W m�t� � ��Ŵ�t� (10)

for � modification [1], or

_̂
W m�t� � ��je�t�jŴ�t� (11)

for e modification [2], where � is a positive fixed gain.
Assumption 2. Am and Bm in Eq. (2) are chosen so that

Am � A	 BK1 (12)

Bm � BK2 (13)

The dynamics in Eq. (1) can be written as

_x�t� � Amx�t� 	 Bmr�t� 	 B ~WT�t���x�t�� 	 B"�x�t�� (14)

where

~W�t� � W � Ŵ�t� (15)

is the weight update error. The state tracking error can likewise be
written as

_e�t� � Ame�t� 	 B ~WT�t���x�t�� 	 B"�x�t�� (16)

Theorems that provide sufficient conditions under which the

closed-loop system errors e�t� and ~W�t� are uniformly ultimately
bounded (UUB) [19] for the � and emodification cases can be found
in [1,2]. The typical Lyapunov function candidate used for stability
analysis of the adaptive law in Eq. (7) has the quadratic form:

V �e; ~W� � e�t�TPe�t� 	 1

�
tr� ~W�t�T ~W�t��; � > 0 (17)

III. Derivative-Free Adaptive Control

The following assumption strengthens Assumption 1 by setting
"�x�t�� � 0, which can be justified under the assumption that time
variation is allowed in the unknown ideal weight matrix.

Assumption 3. The matched uncertainty in Eq. (1) can be linearly
parameterized as

��t; x�t�� �WT�t���x�t��; x 2 Dx (18)

whereW�t� 2 Rs�m is an unknown time-varying weight matrix that
satisfies kW�t�k 
 w� and �: Rn ! Rs is a vector of known
functions of the form ��x� � ��1�x�; �2�x�; . . . ; �s�x��T 2 Rs.

Remark 1. Assumption 3 expands the class of uncertainties that
can be represented by a given set of basis functions. That is, an
adaptive law designed subject to Assumption 3 can bemore effective
than an adaptive lawdesigned subject toAssumption 1 in dominating
a wider class of uncertainties, due to the fact that time variation is
allowed in the unknown ideal weight matrix.

Remark 2.Assumption 3 does not place any restriction on the time
derivative of the weight matrix. However, the degree of time depen-
dence will depend on how ��x� is chosen.

The following theorem presents the main result of this paper.
Theorem 1.Consider the uncertain system given by Eq. (1) subject

to Assumption 3. Consider, in addition, the feedback control law
givenbyEq. (4), with the nominal feedback control component given
by Eq. (5) subject to Assumption 2, and with the adaptive feedback
control component given by Eq. (6), which has a derivative-free
weight update law in the form

Ŵ�t� ��1Ŵ�t� �� 	 �̂2�t� (19)

where � > 0, and �1 2 Rs�s and �̂2: Rn � Rn ! Rs�m satisfy

0 
 �T
1�1 < I (20)

�̂ 2�t� � �2��x�t��eT�t�PB; �2 > 0 (21)

withP 2 Rn�n satisfying Eq. (9) for any symmetricQ> 0. Then e�t�
and ~W�t� are UUB.

Proof. Using Eq. (19) and defining

�2�t� � W�t� ��1W�t� �� (22)

where k�2�t�k 
 ��, �� � w��1	 k�1�t�k�, and the weight update
error in Eq. (15) can be rewritten as

~W�t� ��1
~W�t � �� 	�2�t� � �̂2�t� (23)
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Using Eq. (23), the state tracking error dynamics in Eq. (16) under
Assumption 3 become

_e�t� � Ame�t� 	 B��1
~W�t� �� � �̂2�t� 	�2�t��T��x�t�� (24)

To show that the closed-loop system given by Eqs. (23) and (24) is
UUB, consider the Lyapunov–Krasovskii functional [20]:

V �e�t�; ~Wt� � eT�t�Pe�t� 	 � tr
�Z

t

t��
~WT�s� ~W�s� ds

�
(25)

where � > 0 and ~Wt represents ~W�t� over the time interval t� � to t.
The directional derivative of Eq. (25) along the closed-loop system
trajectories of Eqs. (23) and (24) is given by

_V�e�t�; ~Wt���eT�t�Qe�t�	 2eT�t�PB��1
~W�t� ���T��x�t��

� 2eT�t�PB�̂T
2 �t���x�t��	 2eT�t�PB�T

2 �t���x�t��
	 � tr��	 ~WT�t� ~W�t�	 
 ~WT�t� ~W�t� � ~WT�t� �� ~W�t� ��� (26)

where 
� 1	 	. In what follows we impose the restriction 	 
 0.

Using Eq. (23) to expand the term tr�
 ~WT�t� ~W�t�� in Eq. (26)
produces

_V�e�t�; ~Wt� � �eT�t�Qe�t� 	 2eT�t�PB��1
~W�t� ���T��x�t��

� 2eT�t�PB�̂T
2 �t���x�t�� 	 2eT�t�PB�T

2 �t���x�t��
	 � tr��	 ~WT�t� ~W�t� � ~WT�t� �� ~W�t� ��

	 
 ~WT�t � ���T
1�1

~W�t � �� 	 
�̂T
2 �t��̂2�t�

	 
�T
2 �t��2�t� � 2
�̂

T
2 �t��1

~W�t� ��

	 2
 ~WT�t� ���T
1�2�t� � 2
�̂

T
2 �t��2�t�� (27)

Next, consider the fact aTb 
 �aTa	 bTb=4� (� > 0), which
follows fromYoung’s inequality [14,21] for anyvectorsa andb. This
can be generalized to matrices as

tr�ATB� � vec�A�Tvec�B� 
 �vec�A�Tvec�A�
	 vec�B�Tvec�B�=4� � � tr�ATA� 	 tr�BTB�=4�

(� > 0) for anymatricesA andBwith appropriate dimensions. Using
this, we can write

tr�2
 ~WT�t � ���T
1�2�t�� 
 tr�� ~WT�t � ���T

1�1
~W�t � ���

	 tr�
2�T
2 �t��2�t�=��; � > 0 (28)

Using Eq. (21) with �2 � 1=�
 > 0 for �̂2�t�, and substituting
Eq. (28) in Eq. (27), it follows that

_V�e�t�; ~Wt� 
 �eT�t�Qe�t� � �2eT�t�PBBTPe�t���x�t��T��x�t��
� �	 tr� ~WT�t� ~W�t�� � � tr� ~WT�t � ���I � �
	 ���T

1�1�
� ~W�t� ��� 	 ��
	 
2=��tr��T

2 �t��2�t�� (29)

Using Eq. (20) with �1 � 1=�
	 ��< 1 for �1 yields

_V�e�t�; ~Wt� 
 �c1je�t�j2 � c2k ~W�t�k2 � c3k ~W�t � ��k2 	 d
(30)

where the constants c1, c2, c3, and d are given by

c1 � �min�Q�> 0 (31)

c2 � �	 
 0 (32)

c3 � ��min�I � ��11 �T
1�1�> 0 (33)

d� ��
	 
2=����2 
 0 (34)

where �� 1=�2
. If 	 > 0, then since 
� ��11 � � � 1	 	,
0< �1 < 1, and � > 0, it follows that 
 must lie in the open interval

�1; 1=�1�. Either je�t�j>�1 or k ~W�t�k>�2 or k ~W�t� ��k>�3

renders _V�e�t�; ~Wt�< 0, where �1 �
����������
d=c1

p
, �2 �

����������
d=c2

p
, and

�3 �
����������
d=c3

p
or, equivalently,

�1� ��
��������������������������������������������
��
	 
2=��=�min�Q�

p
� ��=

���������������������������������������
�2�min�Q��1� 
�1�

p
(35)

�2 ��1

������������
c1=c2

p
��1

����������������������������������������
�2�min�Q�
=�
 � 1�

p
(36)

�3 ��1

������������
c1=c3

p
��1

��������������������������������������������������������������������
�1�2�min�Q�
=�min��1I ��T

1�1�
q

(37)

Hence, it follows that e�t� and ~W�t� are UUB.
The proposed adaptive control architecture is shown in Fig. 1.

Remark 3.Letting
_̂
Wm�t� � 0 and using a first-order Euler method

for integration in Eq. (7), with �s being the step size, results in

Ŵ�t� � ��s���x�t��eT�t�PB� 	 Ŵ�t � �s� (38)

Fig. 1 Visualization of the proposed DF-MRAC architecture.
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This form of weight update law is identical to the DF-MRAC law
in Eq. (19), if�1 � I, �2 � ��s, and � � �s, with the exception that
the choice�1 � I is not permitted in DF-MRAC. In DF-MRAC,�1

can be chosen, for example, as &I, where 0< j&j< 1, and � is not
necessarily equal to �s. This added dimension in the tuning process
provides memory to the adaptive law.

Remark 4.The derivative-freeweight update lawgiven by Eq. (19)
subject to Eqs. (20) and (21) does not require a modification term to
prove the error dynamics, including the weight errors, are UUB.

Define q�t� � �eT�t�; ~v�t; ���T , where

~v 2�t; �� � tr

�Z
0

��
~WT�s� ~W�s� ds

�

and letBr � fq�t�: kq�t�k< rg, such thatBr � Dq for a sufficiently
large compact set Dq. Then we have the following corollary.

Corollary 1. Under the conditions of Theorem 1, an estimate for
the ultimate bound, for the case 	 > 0, is given by

r�
����������������������������������������
�max�P��2

1 	 ���2
2

�min� ~P�

s
(39)

where ~P� diag�P; ��.
Proof. Denote �� � fq�t� 2 Br: qT�t� ~Pq�t� 
 �g, ��
min

kq�t�k�r q
T�t� ~Pq�t� � r2�min� ~P�. Since

V�e�t�; ~Wt� � qT�t� ~Pq�t� � eT�t�Pe�t�

	 � tr
�Z

t

t��
~WT�s� ~W�s� ds

�
(40)

it follows that �� is an invariant set as long as

� 
 �max�P��2
1 	 ���2

2 (41)

Thus, the minimum size of Br that ensures this condition has radius
given by Eq. (39). The sets used in this proof are illustrated in Fig. 2.

Remark 5. The proofs of Theorem 1 and Corollary 1 assume that
the setsDx andDq are sufficiently large. Ifwe defineBr� as the largest
ball contained in Dq, and assume that the initial conditions are such
that q�0� � Br� , then from Fig. 2 we have the added condition that
r < r�, which implies a lower bound on �. It can be shown that in this
case the lower bound must be such that �min� ~P� � �. With r defined
by Eq. (39) and �min� ~P� � �, the condition r < r� implies

� >
���P��2

1

r�2 � ��2
2

(42)

Since �2 � 1=�
 and 
 > 1, it follows from Eq. (42) that r� should
ensure that

�2 <
r�2 � ��2

2

���P��2
1

(43)

Therefore, the meaning ofDq sufficiently large in Corollary 1 is that

r� >
������������������������������������������
�2�max�P��2

1 	 ��2
2

q
and q�0� � Dr� . The meaning of Dx sufficiently large is difficult to
characterize precisely, since x�t� depends on both r�t� and x�0�.
Nevertheless it can be seen that increasing �2 implies increasing the
require size of the set Dx.

Corollary 2. Under the conditions of Theorem 1, the error
trajectory approaches the ultimate bound exponentially in time
according to

jq�t�j 
 kjq�0�je�crt; t < T (44)

with a convergence rate given by

cr �
�=�1	 ���2

1

2�max� ~P�
; � � ��
 � 1�

�min�Q�
(45)

Proof. Choosing 	 so that c2 � c1� and using the expressions for c1
and c2 in Eqs. (31) and (32) results in the expression for � in Eq. (45).
Then from Eq. (30), we can write

_V�e�t�; ~Wt� 
 �c1jq�t�j2 	 d (46)

Define ĉ � d=�2, where � �
���������������������
�2

1 	 ��2
2

p
. Then when

jq�t�j>�, we have that

_V�e�t�; ~Wt� 
 ��c1 � ĉ�jq�t�j2 
 �k3jq�t�j2 (47)

where k3 � c1 � ĉ. Now, c1 � d=�2
1 and c2 � d=�2

2, and since
c2=c1 � �, it follows that �2

1 � ��2
2, and therefore ĉ� d=

�1	 ���2
1. Therefore, k3 � �=�1	 ���2

1. Finally, since k1jq�t�j2 

V�e�t�; ~Wt� 
 k2jq�t�j2, where k1 � �min� ~P�> 0, k2 � �max� ~P�>
0, and _V�e�t�; ~Wt� 
 �k3jq�t�j2, then Eq. (44) follows directly from
Corollary 5.3 of [22], where

k �
������������
k2=k1

p
�

�����������������������������������
�max� ~P�=�min� ~P�

q
and cr � �k3=2k2� � �=2�1	 ���max� ~P��2

1. □

For the case of constant ideal weights inAssumption 3, Theorem 1
specializes to the following theorem. In this case, we assume that the
uncertainty is structured. That is, the vector of known functions in
Eq. (18) represent the vector of known basis functions.

Theorem 2.Consider the uncertain system given by Eq. (1) subject
to Assumption 3, where W 2 Rs�m is an unknown constant weight
matrix. Consider, in addition, the feedback control law given by
Eq. (4), with the nominal feedback control component given by
Eq. (5) subject to Assumption 2, and with the adaptive feedback
control component given by Eq. (6), which has the derivative-free
weight update law in the form of Eqs. (19) and (21), where�1 � I.
Then e�t� and ~W�t� approach a subspace in these error variables in

which e�t� � 0 and B ~WT�t���x�t�� � 0.
Proof. The result follows directly from the proof of Theorem 1 by

choosing �1 � I. In this case, �� � 0 due to �2�t� � 0 in Eq. (22),
which follows from the fact that the ideal weights are constant, and
�1 � I. Then the inequality in (28) is not needed, since the left-hand
side vanishes. In this case, �1 � 1=
� 1, 	� 0, c2 � 0 in Eq. (32),
c3 � 0 in Eq. (33), and d� 0 in Eq. (34). Therefore, it follows from
Eq. (30) that the entire error space is invariant. Let E denote the set of

points in this space where _V�e�t�; ~Wt� � 0. From Eq. (30) all points
in lie in a subspace, where e�t� � 0 and it follows from LaSalle’s
theorem [22] that all solutions in the error space approach the largest

invariant set M in E. Now e�t� � 0 implies that �̂2�t� � 0 and
_e�t� � 0. Then Eq. (24), with all of the above taken together, implies
thatM is composed of all points in the error space in which e�t� � 0

and B ~WT�t���x�t�� � 0. □

Remark 6. The system is said to be sufficiently excited if r�t� is
such that the conditions e�t� � 0,B ~WT�t���x�t�� � 0 admit only the

solution ~W�t� � 0 in the limit t!1. It is straightforward to show
that this amounts to the standard MRAC condition for persistency of
excitation [23].Fig. 2 Geometric representation of sets.
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Remark 7. As noted in the Introduction, DF-MRAC does not
employ an integrator in its weight update law. This is advantageous
from the perspective of augmenting a nominal controller that em-
ploys integral action to ensure that the regulated output variables
track r�t� for constant disturbances, regardless of how these
disturbances may enter the system. An example that illustrates this
advantage is provided in Sec. V.

Remark 8. The expressions for �1 and �2 represent ultimate

bounds for je�t�j and k ~W�t�k, respectively. These expressions
depend on 
 > 1. In [24] it is shown that there exists an optimal value

� such that the convergence rate cr in Eq. (45) attains amaximumon
the open interval f1; 1=�1g, and curves are provided that show the
tradeoff between the UUB and cr for a range of values for �1 and �2.

IV. Modifications to Derivative-Free Adaptive Control

Although the derivative-free weight update law does not require a
modification term to prove the error dynamics are UUB, one may
wish to employ a modification term in order to improve perfor-
mance or robustness of the system. The following theorem extends
Theorem 1 to a general form of modified DF-MRAC.

Theorem 3.Consider the uncertain system given by Eq. (1) subject
to Assumption 3. Consider, in addition, the feedback control law
given byEq. (4), with the nominal feedback control component given
by Eq. (5) subject to Assumption 2, and with the adaptive feedback
control component given by Eq. (6), which has a derivative-free
weight update law in the form given by Eq. (19), where � > 0 is a

time-delay designvalue,�1 2 Rs�s, and �̂2�t� � �̂2�x�t�; e�t�� and
�̂2: Rn � Rn ! Rs�m, satisfy

0<�T
1�1 < �1I; 0< �1 < 1 (48)

�̂ 2�t� � �2���x�t��eT�t�PB� �mS�t�Ŵ�t��; �m > 0 (49)

where �m is the modification gain, P 2 Rn�n satisfies

0� ATmP	 PAm � �2mPBBTP	Q (50)

for any symmetric Q> 0, and S�t� 2 Rs�s satisfies kS�t�k< s�.
Then e�t� � x�t� � xm�t� and ~W�t� �W�t� � Ŵ�t� are UUB.

Proof. The result follows directly from the proof of Theorem 1,
with Eqs. (31–34) changed to

c1 � �min�Q�> 0 (51)

c2 � �		 s�
2

�� > 0 (52)

c3 � ��min�I � �1	 
	 ���T
1�1�> 0 (53)

d� ��1	 
	 
2=����2 	 !�2s�2�� > 0 (54)

where �� � 1	 2�m 	 �1	 	��1�2m > 0. □

Remark 9. If S�t� is not assumed to be bounded by s�, e.g.,
S�t� � ke�t�k in the case of e modification [2], then one can show

that e�t� and ~W�t� are UUB by applying a projection operator [4] to
the weight estimates given by Eq. (19).

Remark 10. In the case of � modification [1], we have S�t� � I in
Eq. (49). Recently an adaptive loop recovery (ALR) modification
term [25] was proposed with the objective of recovering the loop
transfer properties of a chosen reference system. ALR modification
can be introduced by letting S�t� � �x�x�t���Tx �x�t��, where
�x�x�t�� � d��x�t��=dx�t� 2 Rs�n and in this case s� � 1. Table 1
summarizes DF-MRAC laws for this and other modification terms
as well.

V. Extensions to the Input Uncertainty Case

Consider the case of input uncertainty in which the range space of
B is preserved by writing the uncertain system in the form

_x�t� � Ax�t� 	 B��u�t� 	��x�t��� (55)

where � 2 Rm�m is an unknown diagonal matrix with diagonal
elements �i > 0 (i� 1; . . . ; m). Consider, in addition, the feedback
control law given by Eq. (4), with the nominal feedback control
component given by Eq. (5) subject to Assumption 2, and with the
adaptive feedback control component given by

uad�t� � �ŴT�t���x�t�� � D̂�t�un�t� (56)

where D̂�t� � diag�d̂1�t�; . . . ; d̂m�t��. In this case, the state tracking
error dynamics in Eq. (16) under Assumption 3 become

_e�t� � Ame�t� 	 B�� ~WT�t���x�t�� 	 ~D�t�un�t�� (57)

where ~D � D� D̂, and D is a diagonal matrix with diagonal
elements di � ��i � 1�=�i (i� 1; . . . ; m). The following theorem
states an extension to Theorem 1 for the case of input uncertainty.

Theorem 4. Consider the uncertain system given by Eq. (55)
subject to Assumption 3. Consider, in addition, the feedback control
law given by Eq. (4), with the nominal feedback control component
given by Eq. (5) subject to Assumption 2, and with the adaptive
feedback control component given by Eq. (56), which has derivative-
free weight update laws in the form given by Eqs. (19–21), and

d̂ i�t� � ’di d̂i�t� �di� 	 �̂di
�t� (58)

where �di > 0 (i� 1; . . . ; m), 0 
 ’2di < 1, and �̂di
: R � Rn ! R

satisfy

�̂ di
�t� � �diuni�t�eT�t�PBi; �di > 0 (59)

withBi denoting the ith column ofB andP 2 Rn�n satisfying Eq. (9)

for any symmetric Q> 0. Then e�t�, ~W�t�, and ~D�t� are UUB.
Proof. The result follows similar to the proof of Theorem 1 by

considering the Lyapunov–Krasovskii functional:

Table 1 DF-MRAC laws for various modification terms

Modification DF-MRAC law for 0 
 �T
1�1 < I, �2 > 0, �m > 0

Original Eq. (19) Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB�.
� [1] Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB� �mŴ�t��.
e [2] Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB� �mke�t�kŴ�t��.
ALR [25] Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB� �m�x�x�t���Tx �x�t��Ŵ�t��.
Q [26,27] Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB� �m�ŴTq�t� � c�t��q�t��; where q�t� �

R
t
td
��x�s�� ds, td > 0,

c�t� � en�t� � en�td� �
R
t
td
BTAm � Ame�s� ds	

R
t
td
uad�s� ds	

R
t
td
uad�s� ds, and en�t� is the nth

component of the vector e�t�, and td > 0.
Optimal [28] Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB	 �m��x�t����x�t��TŴ�t�BTPA�1m B�.
Combined/composite model reference
adaptive control [29]

Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB� �m�f�x�t��eTY�t��; where �f�x�t�� � L�1f �f
s	�fg��x�t��, where L

�1

denotes the Laplace operator, and eY�t� is the predictor estimation error defined in [29].
K [30] Ŵ�t� ��1Ŵ�t � �� 	 �2���x�t��eTPB� �m

R
t
t�td Ŵ�s� ds�; where td > 0
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V�e�t�; ~Wt; ~Dt� � eT�t�Pe�t� 	 � tr
�Z

t

t��
~WT�s� ~W�s��ds

�

	
Xm
i�1

�di tr

�Z
t

t��di
�i ~d

2
i �s� ds

�
(60)

where �di > 0 and ~di�t� � di � d̂i�t�. □

Remark 11.Under the conditions of Theorem 4, an estimate for the
ultimate bound and convergence rate to this ultimate bound can be
expressed in a form similar to Corollaries 1 and 2, respectively. For
the case of constant ideal weights in Assumption 3, Theorem 4 with

’di � 1 (i� 1; . . . ; m) guarantees that e�t�, ~W�t�, and ~D�t� approach
a subspace in these error variables, where e�t� � 0, B� ~WT

�t���x�t�� � 0, and B� ~Dun � 0, similar to the result given by
Theorem 2. Modifications to the derivative-free weight update laws
in Eqs. (19) and (58) can be employed, analogous to those given in
Table 1.

Remark 12. In the casewherem> r, control allocation can be used
to permit some of the diagonal elements of � to be zero as long as
RfBg �RfB�g [31]. The manner in which this extension can be
implemented is illustrated in Sec. VII.
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Fig. 3 Responses with nominal controller for the square wave ideal weight.
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Fig. 4 Responses with standard MRAC using �� 102 and 104.
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VI. First-Order System Example

In this section we compare the standard MRAC law given by
Eq. (7) with the proposed DF-MRAC law given by Eq. (19) on a
simple model for the rolling dynamics of an aircraft [32].

A. Uncertainty with Time-Varying Ideal Weights

Consider the scalar dynamics

_x�t� � Lpx�t� 	 L��u�t� 	��x�t��� (61)

where x�t� represents roll rate, u�t� represents aileron deflection,
Lp ��1,L� � 1, and��x�t�� � w�t�x�t�, withw�t� being a square
wave having an amplitude of 1.0 and a period of 5.0 s. Although
aircraft dynamics do not behave in this manner, their stability
derivatives can undergo a sudden change in the event of damage to
the airframe. So this example should be regarded in this context. In
both the MRAC and DF-MRAC architectures, we choose as a
reference model Am ��2 and Bm � 2. Note that for this example
"�x�t�� � 0, sowemay use theMRAC lawgiven by Eq. (7) without a
modification term (� � 0) and choose ��x�t�� � x�t�. Further-
more, we consider two adaptation gains, � � 102 and 104. For the

0 2 4 6 8 10 12 14 16 18 20

−1

−0.5

0

0.5

1

t (sec)

r(
t)

, x
(t

)

r(t)
x(t)

0 2 4 6 8 10 12 14 16 18 20
−5

0

5

t (sec)

u(
t)

u(t)

0 2 4 6 8 10 12 14 16 18 20
−2

−1

0

1

2

t (sec)

w
ei

gh
t

ideal weight
estimated weight

Fig. 5 Responses with DF-MRAC for the square wave ideal weight.
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DF-MRAC law given by Eq. (19), we set � � 0:01 s and�1 � 0:5,
which satisfies Eq. (20), and �2 � 200 in Eq. (21).Q� 2was used in
Eq. (9) to solve for P in both architectures. Figures 3–10 present the
results.

Figure 3 shows the performance of the nominal control design
without adaptation. In Fig. 4, the standardMRACarchitecture is used
with � � 102 and 104, respectively. Tracking performance is not
improved by increasing the adaptation gain beyond 102, and
increasing gain causes high-frequency oscillations in the control
response that would be unacceptable in a real system. Figure 5 shows
the case in which the DF-MRAC adaptive law in Eq. (19) was used

with �2 � 200. It can be seen that tracking performance is excellent,
the control time history is reasonable, and the estimated weight is
close to the ideal value in this case.

As a variation of the previous example, the ideal weight history
was changed to a sinusoidal function in which the frequency was
varied from 0.5 up to 50 rad=s. The results are shown in Figs. 6–8. In
Fig. 6, note that the adaptive controller does not significantly improve
the response at the low setting for adaptation gain and gives an even
worse response when using the high setting for adaptation gain.
Figures 7 and 8 show that the DF-MRAC case gives an excellent
response, and the estimated weight is very close to the true weight,
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even at the high-frequency end (see Fig. 8). Inspired by this result we
decided to try a case in which w�t� is a band-limited white noise
signal. The associated results are shown in Figs. 9 and 10. In
particular, Fig. 10 shows that the estimated weight is remarkably
close to w�t�.

B. Uncertainty with Constant Ideal Weights

Consider the scalar dynamics given by Eq. (61) with ��x�t���
1	 5x�t�. To illustrate the point that conventional MRAC is
problematic when augmenting a nominal controller that has integral
action, we introduce an integrator state

_x i�t� � �x�t� 	 r�t� (62)

and consider the augmented dynamics

_x a�t� �
Lp 0
�1 0

� �
xa�t� 	

L�
0

� �
�u�t� 	��x�� 	 0

1

� �
r�t� (63)

where xTa�t� � � x�t� xi�t� �, and choose a proportional–integral (PI)
form for the nominal controller:
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Fig. 9 Responses with DF-MRAC for a band-limited white noise ideal weight.
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un�t� � �� kx ki� xa�t� (64)

Then the reference model in Eq. (2) becomes

_x m�t� �
Lp � L�kx �L�ki
�1 0

� �
xm�t� 	

0

1

� �
r�t� (65)

The adaptive control is chosen in the form of Eq. (6), with
�T�x�t�� � � 1 xTa�t� �, and uses the same weight update law as in

the previous example. We again let Lp ��1 and L� � 1, and the PI
gains are set to kx � 1:5 and ki � 3. For the MRAC law given by
Eq. (7), we consider two adaptation gains, � � 20 and 200. For the
DF-MRAC law, the parameter settings are the same as in the previous
example. Figures 11 and 12 present results that support the statement
made in Remark 7. Figure 11 illustrates the conflict that can arise
when a nominal control lawwith integral action is augmentedwith an
adaptive controller that employs an integrator in its weight update
law. Note the slowly varying tracking error during the first transient
phase. In more complex problems this slow variation can be
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persistent. Figure 12 shows that the DF-MRAC lawworks well, even
during the first transient phase.

C. Input Uncertainty Case

Consider the scalar dynamics

_x�t� � Lpx�t� 	 L���u�t� 	��x�t��� (66)

where �� 0:1 represents an input uncertainty. Let w�t� be a
sinusoidal time-varying ideal weight with an amplitude of 1 and a
frequency of 2.5 s. Furthermore, consider the same adaptive control
design in Sec. VI.A for Eq. (19), and choose ’di � 0:5, �di � 50, and
�di � 0:01 (i� 1) for Eq. (58). Figure 13 shows the result when (19)
is employed and Fig. 14 shows the result when Eq. (58) is employed.
There is a dramatic improvement when Eq. (58) is employed.
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Fig. 15 GTM nominal control response for nominal operating conditions.
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Fig. 16 GTM nominal control response for the missing-left-wingtip case.
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VII. Generic Transport Model Example

This section presents aDF-MRACdesign for theNASAGTMand
evaluates this design for several damage scenarios. GTM is a high-
fidelity scaled transport aircraft model developed by NASA Langley
Research Center [15]. A linearized model for GTM at an angle of
attack of 2 deg and 104 ft altitude is obtained in the form of Eq. (1).

The primary sources of uncertainty are any one of a set of possible
damage conditions that are included as a part of the modeling in
GTM. Flight-test results are reported in [18].

A nominal controller is first designed for the linearized model
using a robust servomechanism linear quadratic regulator approach
that incorporates integral control [33], with the objective of tracking
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Fig. 17 GTM DF-MRAC response for the missing-left-wingtip case.
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Fig. 18 GTM DF-MRAC response for the missing-left-wingtip case with 0.01 s of time delay in the rudder channel.
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roll rate, pitch rate, and yaw rate commands. Including the integral
states, the linearized GTMmodel is ninth-order with the state vector:

x�t�
��u�t� v�t� w�t� p�t� q�t� r�t� 
�t� ��t� qint�t� pint�t� wint�t��T

where u�t�, v�t�, and w�t� are velocity components; p�t�, q�t�, r�t�
are body angular rates about the roll, pitch, and yaw body axes; 
�t�
and ��t� are roll and pitch attitude; and qint�t�, pint�t�, andwint�t� are
the integrator states. In this simulation study, tracking of roll and
pitch rate commands are considered, and yaw rate command is set to
zero. Roll and pitch attitude are not used in the design. Figure 15
shows the performance of the nominal controller under normal
operating conditions.

Since this design has redundant actuation and damage conditions
thatmay include loss of one ormore actuator channels, it is necessary
to generalize the form in Eq. (55) to

_x�t� � Ax�t� 	 B��G�I � D̂�t��un�t� � ŴT�t���x�t���
	��x�t�� (67)

whereG 2 RM�3 is a control allocationmatrix (whereM> 3 denotes
the number of independent control channels); un 2 R3 is the effective
nominal control for the roll, pitch, and yaw axes, respectively; and
ua 2 RM is the adaptive control. Note that although the nominal
control law must operate through the control allocation matrix, a
portion of the adaptive controller has direct access to each inde-
pendent channel of actuation. The quantity� 2 RM�M is nominally
an identity matrix, loss of actuation is represented by setting one or
more of its diagonal elements to zero, and�: Rn ! Rn is the state-
dependent uncertainty, which primarily enters the p, q, and r state
equations. It is used to represent uncertainty in the stability deriv-
atives. In general, the portion of the uncertainty that remainsmatched
under actuator failure corresponds to the projection of � onto the
column space of B�. For aircraft flight control applications the
assumption that � remains matched under actuator failure amounts
to assuming that B� and � primarily influence the moments acting

on the aircraft and that control of moments in all three axes is
maintained under actuator failure. For this study only the spoilers are
independently controlled, so there is a total of M� 6 independent
control channels: elevator, aileron, rudder, left and right spoilers, and
stabilizer. Servo dynamics and position and rate limits are included in
the model. The stabilizer servo has a relatively low bandwidth and
low value for its rate limit and is useful primarily for maintaining trim
in the pitch axis. The nominal control design is performed using BG
in place of B in Eq. (1) when doing the design.

For the adaptive design, neural network sigmoidal-type functions
[34] are used in the form

��x�t�� � �1; �1�x�t��; �2�x�t��; . . . ; �6�x�t���T

where �i�x�t�� � �1 � e�xi�t��=�1	 e�xi�t�� (i� 1; . . . ; 6), and P in
Eq. (9) is found by using

Q� diag� 10�4 10�2 10�3 60 30 15 10 10 10 �

Taking into consideration Theorem 4 and Table 1, weight update
laws with ALR modification are

Ŵ�t� ��1Ŵ�t � �� 	 ���x�t��eTPB

� �m�x�x�t���Tx �x�t��Ŵ�t����2 ; ��2 > 0 (68)

d̂ i�t� � ’di d̂i�t � �di� 	 �di �uni �t�eT�t�PBi � �mi d̂i�t��;

i� 1; 2; 3
(69)

We chose�1 � 0:1, ��2 � diag� 10 1 10 10 50 10 �, and
� � 0:5 for Eq. (68) and’di � 0:1, �di � 1:0, and �di � 0:5 (i� 1, 2,
3) for Eq. (69). The ALR modification gains in Eqs. (68) and (69)
were chosen as �m � 2:5 and �mi � 2:5, respectively.

Remark 13. The ALR modification term in Eq. (69) has the same
form as � modification due to the fact that the basis functions are
linear in uni �t�.
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Fig. 19 GTM DF-MRAC response with ALR modification term for the missing-left-wingtip case with 0.01 s of time delay in the rudder channel.
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Remark 14. The form in Eq. (68) is different from the one given
in the fourth row of Table 1 in that Eq. (68) uses a matrix adaptation
gain ��2 . In this case, the closed-loop system given by Eqs. (23) and
(24) is still UUB by considering the Lyapunov–Krasovskii
functional:

V �e�t�; ~Wt� � eT�t�Pe�t� 	 tr

�Z
t

t��
~WT�s� ~W�s��� ds

�
(70)

where �� > 0. We choose a matrix adaptation gain rather than a
scalar adaptation gain to add flexibility to the adaptive control
design.
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Fig. 21 GTM DF-MRAC response for the missing-vertical-tail case.
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Fig. 20 GTM nominal control response for the missing-vertical-tail case.

YUCELEN AND CALISE 947



A. Missing Left Wingtip

In the missing-left-wingtip damage scenario, there is 25% loss of
outboard left wingtip and the left aileron is missing; therefore,
available roll control effectiveness is reduced [15]. Figure 16 shows

the degree of degraded performance when the nominal controller is
evaluated for this damage case. Figure 17 shows the improvement in
response obtained when DF-MRAC is employed. In Fig. 18, 0.01 s
of time delay is added to the rudder channel. In this case, the
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Fig. 23 GTMDF-MRAC response with ALRmodification term for the missing-vertical-tail case with 0.07 s of time delay in the right aileron channel.
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Fig. 22 GTM DF-MRAC response for the missing-vertical-tail case with 0.07 s of time delay in the right aileron channel.
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performance using DF-MRAC alone is not satisfactory. Figure 19
shows that the addition of ALR modification significantly improves
the robustness of the adaptive controller to time delay.

B. Missing Vertical Tail

In the missing-vertical-tail damage scenario, the entire vertical tail
is missing; therefore, there is a loss in directional stability and a
complete loss in rudder control effectiveness [15]. Figure 20 shows
that the nominal controller response for this damage case is unstable.
Figure 21 shows that the DF-MRAC controller provides upset
recovery and satisfactory tracking performance for this damage
scenario. Figure 22 shows a result for the same damage case in
Fig. 21 with 0.07 s of time delay in the right aileron channel. The
performance of the DF-MRAC controller is not satisfactory with this
amount of time delay. Figure 23 shows that ALR modification
improves the time-delay margin of the DF-MRAC controller design
for this failure case.

VIII. Conclusions

This paper presents a derivative-free model reference adaptive
control law for uncertain systems. The key feature is that the stability
analysis is performed under the assumption that the ideal weights are
bounded, but otherwise arbitrarily time-varying. The approach is
particularly useful for situations in which the nature of the system
uncertainty cannot be adequately represented by a set of basis func-
tions with unknown constant weights. The system error signals,
including the state tracking error and the weight update error, are
proven to be uniformly ultimately bounded using a Lyapunov–
Krasovskii functional without the introduction of modification
terms. It is shown that the errors approach the ultimate bound expo-
nentially in time. An analysis is provided that shows how the design
parameters in the adaptive law can influence the ultimate bound and
the exponential rate of convergence to the bound. The examples
illustrate the superior performance of derivative-free adaptation in
comparisonwith a conventional adaptive law,when it is evaluated for
a variety of cases in which there is a sudden or rapidly varying set of
dynamics. It is also shown how the derivative-free adaptive law can
be modified using many of the existing modification terms. The
simulation results show that dramatic improvement in robustness to
time delays can be achieved by modifying the derivative-free
adaptation law using a method of adaptive loop recovery.
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